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REVERSIBLE DISSIPATIVE PROCESSES, CONFORMAL MOTIONS AND
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The existence of a dissipative flux vector is known to be compatible with reversible processes,
provided a timelike conformal Killing vector (CKV) χα = V
α
T
(where V α and T denote the four–
velocity and temperature respectively) is admitted by the space–time. Here we show that if a
constitutive transport equation, either within the context of standard irreversible thermodynamics
or the causal Israel–Stewart theory, is adopted, then such a compatibility also requires vanishing
dissipative fluxes. Therefore, in this later case the vanishing of entropy production generated by
the existence of such CKV is not actually associated to an imperfect fluid, but to a non–dissipative
one. We discuss also about Landau damping.
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I. REVERSIBILITY AND CKV
In a recent work [1] it was shown that Lemaitre–
Tolman–Bondi spacetimes (LTB) as seen by a tilted ob-
server are real dissipative (i.e. irreversible). This conclu-
sion being derived from the symmetry properties of such
spacetimes.
Indeed, it is known that, in principle, imperfect fluids
are not necessarily incompatible with reversible processes
(e.g see [2]–[4]). In the context of the standard Eckart
theory [5] a sufficient condition for the compatibility of
an imperfect fluid with vanishing entropy production (in
the absence of bulk viscosity) is the existence of a con-
formal Killing vector field CKV) χα such that χα = V
α
T
where V α is the four–velocity of the fluid and T denotes
the temperature. In the context of causal dissipative the-
ories, e.g. [6]–[11], as shown in [1], the existence of such
CKV also appears as a condition for an imperfect fluid to
be compatible with vanishing entropy production. How-
ever, as is known LTB does not admit CKV [12].
The purpose of this note is to show that the compat-
ibility of reversible processes and the existence of dissi-
pative fluxes becomes trivial if a constitutive transport
equation is adopted, since in this later case such compat-
ibility forces the heat flux vector to vanish as well. In
other words, even if ab initio the fluid is assumed im-
perfect (non–vanishing heat flow vector) the imposition
of the CKV and the vanishing entropy production condi-
tion may cancel the heat flux, depending on the transport
equation assumed.
The proof of the abovementioned statement follows
from a theorem about timelike CKV shown by Oliver
and Davis [13] (see also [14]).
Indeed it has been shown that a space–time admits a
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timelike CKV (a conformal motion) χα = χV α, i.e.
Lχgαβ = ψgαβ, (1)
where Lχ denotes the Lie derivative with respect to the
vector field χ, if and only if:
σαβ = 0, (2)
and
aα = (logχ),α +
Θ
3
Vα, (3)
furthermore, it turns out that ψ = 2
3
χΘ, where σαβ , aα
and Θ denote the shear, the four–acceleration and the
expansion of the fluid, respectively.
Next, the transport equation for the Israel–Stewart
theory reads
τhαβV γqβ;γ+q
α = −κhαβ (T,β + Taβ)−
1
2
κT 2
(
τV β
κT 2
)
;β
qα,
(4)
where κ denotes the thermal conductivity, T and τ de-
note temperature and relaxation time respectively, hαβ
is the projector onto the hypersurface orthogonal to V α,
and qµ is the heat flux vector. If τ = 0 we recover the
well known Eckart–Landau equation.
In the spherically symmetric case under consideration,
the transport equation has only one independent com-
ponent which may be obtained from (4) by contracting
with the unit spacelike vector sα orthogonal to V α, we
get
τV αq,α+ q = −κ (s
αT,α + Ta)−
1
2
κT 2
(
τV α
κT 2
)
;α
q, (5)
where qα = qsα and aα = asα.
On the other hand, putting χ = 1
T
, we obtain from (3)
Ta+ sαT,α = 0, (6)
2which combined with (5) produces
τV αq,α + q = −
1
2
κT 2
(
τV α
κT 2
)
;α
q. (7)
Now, in [1] it was shown that from the Gibbs equation
and Bianchi identities, it follows
Sα;α = −
1
2
T
αβ
dis.Lχgαβ −
1
2
(
q2V µτ
κT 2
)
;µ
, (8)
where Sα is the entropy four–current, and Tαβdis. = V
αqβ+
V βqα.
From the above it follows that for a generic reversible
process (vanishing production of entropy) we should have
that both terms on the right of (8) vanish simultaneously.
Thus if (1) is admitted we also should demand (see [1]
for a detailed discussion)
(
q2V µτ
κT 2
)
;µ
= 0. (9)
Then combining (9) with (7) one obtains at once
q = 0. (10)
In other words, in the presence of a CKV of the kind
considered here, the assumption of a transport equation
such as (4) implies that a vanishing entropy production
leads to a vanishing heat flux vector.Therefore, under the
conditions above the system is not only reversible but also
not dissipative. Nevertheless, it is worth mentioning that
dissipative reversible processes do exist. We shall briefly
comment about one known example in the next section.
II. LANDAU DAMPING
If no assumption is made about the transport equation,
reversible dissipative processes may occur. An example of
which is the well known Landau damping in collisionless
plasma [15], [16], whose existence has been confirmed
by experiments[17], [18]. In that case, the dissipation
is related to electrons whose speed in the direction of
propagation of an electric wave, equals the phase speed
of the latter. It happens then that such an electric field is
stationary with respect to those electrons and therefore
the time average of the work done on the later does not
vanish. The argument to infer the reversibility is based
on the fact that the plasma is collisionless.
However, it has been shown that in some cases, forces
not related to binary interactions may be interpreted as
collisional terms appearing in the Boltzmann equations,
and thereby producing entropy [19]. Basically, what au-
thors of [19] show is that a specific collisional interaction
may be mapped onto an effective force, implying thereby
that there exists a certain freedom to interpret collisional
events (producing entropy) in terms of forces (and vicev-
ersa). On the basis of this argument one might speculate
about the possibility that the force exerted by the electric
wave could be interpreted as a collisional term, produc-
ing an irreversible process. This however seems not to be
the case as it follows from the fact that Landau damp-
ing can be described by a Hamiltonian formulation thus
demonstrating its conservative character [20].
III. SUMMARY
If a timelike CKV of the kind considered above is as-
sumed to exist, then in principle a nonvanishing heat
flux vector may be compatible with a reversible process.
However, as soon as a general transport equation as (4) is
adopted, the CKV and the condition of reversibility pro-
duce the vanishing of the heat flux vector and the system
is no longer dissipative.
An example of a “truly” dissipative reversible process
is provided by Landau damping. Of course, for a phe-
nomenon taking place in collisionless plasma, it is not
reasonable to assume a transport equation as (4).
Before concluding, the following remark is in order:
for many physicists the expression “reversible dissipative
process” may sound contradictory, and as a matter of
fact for some of them Landau damping is not a “truly”
dissipative process since it is reversible (see for example
[21], [22]). Here we have used the term “dissipative” to
mean non–vanishing of the heat flux, independently on
whether or not entropy is increasing, in the same spirit
as in [2]–[4].
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